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The modified Boussinesq equations given by Nwogu (1993a) are rederived in terms of
a velocity potential on an arbitrary elevation and the free surface displacement. The
optimal elevation where the velocity potential should be evaluated is determined by
comparing the dispersion and shoaling properties of the linearized modified Boussi-
nesq equations with those given by the linear Stokes theory over a range of depths
from zero to one half of the equivalent deep-water wavelength. For regular waves
consisting of a finite number of harmonics and propagating over a slowly varying
topography, the governing equations for velocity potentials of each harmonic are a
set of weakly nonlinear coupled fourth-order elliptic equations with variable coeffi-
cients. The parabolic approximation is applied to these coupled fourth-order elliptic
equations for the first time. A small-angle parabolic model is developed for waves
propagating primarily in a dominant direction. The pseudospectral Fourier method is
employed to derive an angular-spectrum parabolic model for multi-directional wave
propagation. The small-angle model is examined by comparing numerical results
with Whalin’s (1971) experimental data. The angular-spectrum model is tested by
comparing numerical results with the refraction theory of cnoidal waves (Skovgaard
& Petersen 1977) and is used to study the effect of the directed wave angle on the
oblique interaction of two identical cnoidal wavetrains in shallow water.

1. Introduction

Boussinesg-type equations have been commonly used to describe weakly nonlinear
and weakly dispersive wave propagation in shallow water. These equations are
derived based on the assumption that the weak nonlinearity represented by the ratio
of wave amplitude to water depth, € = ap/hy, is in the same order of magnitude as the
frzequency dispersion denoted by the square of the ratio of water depth to wavelength,
u* = (ho/lo)*".

A major limitation of Boussinesq-type equations is that they are only applicable
to a relatively shallow water depth. For example, to keep errors of the phase velocity
estimated by the best form of the linearized Boussinesq equations within 5% of that
determined from the linear Stokes theory, the water depth has to be less than about
one-fifth of the equivalent deep-water wavelength (Madsen, Murray & Serensen
1991). For short waves or in intermediate depths, Boussinesq-type equations are
incapable of describing wave propagation correctly, or even worse, they may become
unstable. This behaviour poses two difficulties in modelling water wave propagation.
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Firstly, one has to use different equations in different water depths and deal with
the difficulty of matching these equations. Secondly, even in the shallow-water region
numerically generated short waves will produce erroneous results and could cause
instabilities.

Recently, numerous attempts have been made to extend the range of applicability
of Boussinesq-type equations to deep water by improving their linear dispersion
characteristics. Witting (1984) used a set of conservative equations to investigate
wave propagation in a constant-depth channel bounded by two rigid impermeable
walls. The depth-averaged and mean free surface velocities used in his Boussinesq-
type equations were expanded into a Taylor series in terms of a pseudo-velocity.
Coefficients in the series were then determined to yield a Padé approximation to the
Taylor expansion of the dispersion relation given by the linear Stokes wave theory.
Using the [2/2] Padé approximation, Witting obtained good results for both short and
long waves. However, it is difficult to extend Witting’s approach to two horizontal
dimensions with a varying depth.

McCowan & Blackman (1989) modified the conventional Boussinesq equations
(Peregrine 1967) by introducing an effective depth and a dispersion tuning parameter,
which were chosen to match the dispersion properties of the first-order Stokes waves.
In shallow water the effective depth is identical to the actual depth, whereas in deeper
water the effective depth is restricted to the upper part of the water where most of the
wave action occurs. Such an approach is, however, only applicable to monochromatic
waves and it is not clear if it is applicable to a varying topography.

Madsen et al. (1991) formulated the conventional Boussinesq equations for con-
stant depth in terms of volume flux components instead of the depth-averaged velocity
components. They included in the momentum equations some higher-order terms,
which were conventionally neglected in the process of deriving the Boussinesq equa-
tions, and obtained a new form of Boussinesq equations. The weighting factor for
these higher-order terms is adjusted so that the linear dispersion characteristics of the
resulting Boussinesq-type equations are remarkably improved. Madsen & Serensen
(1992) extended this set of Boussinesg-type equations for a slowly varying topogra-
phy and introduced the linear shoaling gradient as another quantity to measure the
improvement of the new equations.

Nwogu (19934a) formally derived an alternative form of the Boussinesq equations
in terms of a horizontal velocity on an arbitrary elevation. He showed that from
intermediate depth to deep water, the linear dispersion characteristics of the new
set of equations are strongly dependent on the choice of the velocity variable. The
linear dispersion properties become very similar to those of the first-order Stokes
waves if a velocity close to mid-depth is selected as the velocity variable. This
makes the new set of equations applicable to regular and irregular waves travel-
ling from relatively deep water to shallow water. The highest order of the spatial
derivatives in the equations derived by Nwogu is one order higher than that in the
conventional Boussinesq equations. This creates a difficulty in specifying appropri-
ate boundary conditions and increases the numerical effort for solving these new
equations,

On the other hand, the parabolic approximation has been developed rapidly as an
efficient and practical tool for modelling wave propagation over large coastal areas.
The parabolic approximation, typically involving converting an elliptic equation into
a parabolic equation, not only reduces the computational efforts dramatically but
also alleviates the burden of imposing the down-wave boundary conditions, which
usually are unknown a priori for most coastal hydrodynamic problems. For regu-
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lar waves consisting of a finite number of harmonics, Liu, Yoon & Kirby (1985)
developed the first parabolic approximation model for the conventional Boussinesq
equations. In their model waves must propagate in a dominant direction. Therefore,
it is a small-angle parabolic approximation model. Recently, Kirby (1990) used the
discrete angular spectrum method to develop a parabolic model for the conven-
tional Boussinesq equations, in which the topography is allowed to vary only in the
on-offshore direction. The parabolic approximation cannot be directly applied to
Nwogu’s new Boussinesq-type equations, in which the horizontal velocity compo-
nents and the free surface displacement are coupled together. The reason is that in
the process of combining the governing equations into one equation in terms of the
free surface displacement, the improvement made in dispersion properties cannot be
preserved.

The primary objective of this paper is to develop parabolic approximation models
based on the modified Boussinesq equations. We first rederive Nwogu’s modified
Boussinesq equations in terms of a velocity potential on an arbitrary elevation and
the free surface displacement. The optimal elevation for the velocity potential is
determined by comparing the dispersion and shoaling properties of the linearized
modified Boussinesq equations with those given by the linear Stokes theory over a
range of water depths from zero to one half of the equivalent deep-water wavelength.
Because the governing equations can be combined into one equation in terms of the
velocity potential while the improved linear dispersion properties are still preserved,
we are able to apply the parabolic approximation. For regular waves propagating
over a slowly varying topography, the governing equations for velocity potentials of
each harmonic are a set of weakly nonlinear coupled fourth-order elliptic equations
with variable coefficients. Up to now, all the existing parabolic models in water
wave dynamics are based on second-order elliptic equations, such as the mild-slope
equation. As far as we know, no one has applied the parabolic approximation to a
non-homogeneous fourth-order ordinary or partial differential equation. In this paper
we present a new approach to develop the parabolic approximation to a variable-
coefficient fourth-order ‘ordinary’ differential equation with weak forcing, which may
involve the other independent variable (see (4.14)). We find out that the accuracy
of the parabolic approximation depends on the difference between the wavenumber
of the forcing term and the characteristic wavenumber of the equation (i.e. the real
root of the dispersion relation for the corresponding homogenous equation). For
waves propagating primarily in a dominant direction, the governing equation for
each harmonic can be rewritten formally as a fourth-order ‘ordinary’ differential
equation with weak forcing depending on both independent variables. A small-angle
parabolic model is developed and the justification of this model is discussed. The
pseudospectral Fourier method used by Chen & Liu (1994) is extended to derive
an angular-spectrum parabolic model for multi-directional wave propagation: the
wave field is first decomposed into a series of wave modes by the pseudospectral
Fourier method; then, the parabolic approximation is used to approximate the
governing equations for each wave mode, which are a set of weakly coupled fourth-
order ordinary differential equations. The small-angle model is tested by comparing
numerical results with experimental data (Whalin 1971). The angular-spectrum model
is examined by comparing the model results with the refraction theory of cnoidal
waves (Skovgaard & Petersen 1977) and then is used to study the effect of the
directed wave angle on the oblique interaction of two identical cnoidal waves. Finally,
in concluding remarks we present an empirical formula to calculate the velocity wave
field in relatively deep water.



354 Y. Chen and P. L.-F. Liu

2. Modified Boussinesq equations

Consider a wave field bounded by a free surface z/ = {'(x/,y',t') and a stationary
bottom z' = —HK'(x/,y’). A Cartesian coordinate system is adopted, with the x'-axis
and the y’-axis locating on the still water plane and the z’-axis pointing vertically
upwards. Let hy, [y and ay denote the characteristic water depth, wavelength and wave
amplitude, respectively. The following dimensionless variables are defined:

/ ! !

. =7 =2 %y
x_lo’ y 109 z hO, t lot’
2.1)
' H h ,
C = g_, h =7 ¢ = . @
ap ho aoloco

where ¢y = (gho)!/? is the linear-long-wave speed and @ is the velocity potential;

primes are used for dimensional variables.
The dimensionless governing equations and boundary conditions for a potential
flow with a free surface are

uvo4+ — =0, —h <z < €, (2.2)
0z2
a_q5 =12 6_{ + eV - V¢ on z=¢{, (2.3)
0z ot
?_q_) =—u’Vé-Vh on z=—h, (2.4)
0z
o0 € », 1 [0\’ 3

where € = ao/hy and y? = (ho/ly)* are parameters measuring nonlinearity and fre-
quency dispersion, respectively, and V = (0, d,). We assume that O(e) = O(1?) < 1.

Integrating (2.2) from z = —h to z = €{ and applying the kinematic boundary
conditions (2.3) and (2.4), we obtain

134 ac
V- Vodz| + = =0. (2.6)

—h ot
Expanding the velocity potential ¢ as

= 1" Py(x,y,2,1) (2.7

n=0

and substituting (2.7) into (2.2) and (2.4), we collect terms with multiplies of like
order of even powers of u:

82®, 8%, )
—62—2—0, —h<Z<EC, -‘a—Z-—O on Z——h,

2 o
T _ v, —h<z<er, D _Vo,Vh on z=—h [ (29
0z2 0z
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The general solution to @, (n =0,1,...) in (2.8) can be expressed as

S = bulxy.0),
& = bulxy,0— 2V (W) — 12°Veboo, 29)

where ¢u(x, y, t), d10(x, y,t), etc. are constants of integration with respect to z. Hence,
expansion (2.7) can be rewritten as

2
B(x,3,2,1) = doo + 1 [¢10 — 2V (hVgoo) — %qusm] +Oh). (210)

Denoting @,(x, y,t) as the velocity potential on an arbitrary elevation z = z,(x, y),
from (2.10) we obtain

Do(x, Yy, ) = &(x, ¥, Zo(X, Y), t)
2
= oo + 1* [¢1o — 2,V - (hV o) — %“Vz%o] + 0(u). (2.11)

Subtracting (2.11) from (2.10) and noting that &, = ¢o + O(u?), we can express @ in
terms of @, :

D =&, + i’ [(z — 2)V - (WVD,) + (22 — 2Y)V2D,]| + O(u*). (2.12)

Substituting (2.12) into the mass conservation equation (2.6) and the dynamic free
surface boundary condition (2.5) and neglecting O(ep?, u*) terms, we obtain a new
set of Boussinesq equations, called the modified Boussinesq equations, expressed in
terms of the free surface displacement { and the velocity potential @, on elevation

z = z4{(x, y):

VL€l + V0] + 17 {hv [zav - (V®,)
z2 2 K
+ 7“V2<15a] +5 VIV (iVe) - vazqsa} =0, (2.13)
0P, € 2 0D,\ | z2_,08,]
ot +{+ §(V¢a) +u [Zav (hv ot ) + —2_V ot =0. (214)
From (2.12), we have
V&, = uy — 12 [V (hVD,) + 2,V P, ] Vz, + O(u?), (2.15)

where u, = V®|,_, is the horizontal velocity at z = z,. Substituting (2.15) into
the leading-order terms in (2.13) and in the gradient of (2.14) and replacing V&,
in the higher-order terms by u,, one can show that the resulting equations are the
alternative form of the modified Boussinesq equations derived by Nwogu (19934),
who also solved his equations numerically in the time domain (Nwogu 19934, b).

Only two unknowns, @, and {, appear in the modified Boussinesq equations
(2.13) and (2.14) instead of three unknowns in the alternative form of the modified
Boussinesq equations derived by Nwogu. Furthermore, (2.13) and (2.14) can be
combined into one equation in terms of @,. Therefore, in the remainder of this paper
we shall carry out analyses and discussions based on (2.13) and (2.14).
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3. Linear properties of the modified Boussinesq equations

In the case of constant depth, the corresponding linearized dimensional equations
of (2.13) and (2.14) become (primes have been dropped)

o

T V2P, + (. + 1/3)B* Vi, =0, (3.1
0P, 2020Ps
E—%—gC—Hth—g—O, (32)
where
o« = 3(za/h) + (2./h) (33)

is a constant.
The phase velocity C and the group velocity C, associated with the linearized
modified Boussinesq equations (3.1) and (3.2) are given by

_ ot (1= (a+1/3)(khY
¢ = =sh [ 1 — a(kh)? J ’ G4
_do_ . (kh)?/3
=g =€ {1 [1— o(kh)?] [1 — (2 + 1/3)(khY] } ’ G33)

where k is the wavenumber and o is the frequency. Expressions (3.4) and (3.5) have
also been given by Nwogu (1993a). Comparing with those given by the linear Stokes
theory over a range of depths from zero to one half of the equivalent deep-water
wavelength Ao defined as iy = 2ng/w?, Nwogu (19934) showed that the dispersion
properties of the linearized modified Boussinesq equations strongly depend on the
choice of the a value.

To extend the range of applicability of the modified Boussinesq equations, we
define the sum of relative errors of the phase and group velocities over the range
0<h/lg<05as

0.5
11(0<)=/0 [(C/Cr = 1) +(Cy/Cq — 1)) d(h/ 20), (3.6)

where C; and C,; are the phase and group velocities given by the linear Stokes theory.

Minimizing I;(x), we find o = —0.3855, which corresponds to the elevation z, =
—0.522h (see (3.3)). The maximum relative errors of the phase and group velocities
over the range 0 < h/2 < 0.5 are 1.37% and 6.80%, respectively. We note that Nwogu
(1993a) obtained a slightly smaller value for «, which is —0.390, by minimizing only
the relative errors of the phase velocity.

Besides the phase velocity and group velocity, Madsen & Serensen (1992) intro-
duced ‘linear shoaling gradient’ as another quantity to measure the improvement of
the new set of equations. For a train of monochromatic waves propagating over a
mild slope, the linearized modified Boussinesq equations predict (through the WKBJ
method) that the relative increase rate of the wave amplitude A due to shoaling is

1d4 S
Adh =W G7)
where S is the linear shoaling gradient and is expressed in terms of kh:
2(1 —
S(eh) = 2HkR (L —as) (3.8)

1—akhy
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with
ay = 1+ (o + 1/3)(kh)? [oc(kh)2 - 2] , (39)
a; = 1+ (a + 1/3)(kh)? [50c(kh)2 -6, (3.10)
as = 1 —6(a + 1/3)(kh)* + {20+ 5&* + § [1 = (1 + 20)'/?] } (kh)*, (3.11)
1 1=Qx+ 1)(kh)? + oo + 1/3)(kh)* (3.12)
= T 2+ 1/3)(kh)? + (e + 1/3)(kh)*’ '
as = Bds — a3 (3.13)
2(11
On the other hand, the linear Stokes theory gives (Madsen & Serensen 1992)
1d4, §
where
i 2(k;h)*(1 —
Si(kih) = 2k;h sinh 2k;h + 2(k;h)*(1 — cosh 2k;h) (3.15)

(2k;h + sinh 2k;h)?
and k; satisfies the dispersion relation

w? = gk, tanh k. (3.16)

From the dispersion relations (3.4) and (3.16), kh and kh can be expressed in terms
of h/2y. So can § and S;. Integrating (3.7) and (3.14) with respect to h/4y, we obtain

h/ o / Qi
A _ exp [ /0 Sitk/20) = S/ 20) 4 1301 (3.17)

Al h//AO

We remark that the shoaling gradient is not a very good quantity to measure the
linear shoaling effect. According to (3.17), the same deviation of the shoaling gradient
has a different effect on the relative shoaling amplitude in different relative depth
(has less effect as relative depth increases). The deviation of the shoaling gradient in
intermediate depths and deep water exaggerates the actual difference of the shoaling
amplitude.

Considering the shoaling effect in the determination of the o value, we minimize
the following sum of relative errors:

h/do
Iz(ot,h//lo)=/0 [(C/Ci— 1) +(Cy/Cy — 1) +(4/ A = 1)*] d(H /Do) (3.18)

over the range [0,0.5] and obtain « = —0.3808. Figure 1 shows the comparison
between the phase velocity, group velocity and shoaling amplitude given by the lin-
carized modified Boussinesq equations and those given by the linear Stokes theory for
o = —0.3808 (obtained by minimizing I5(«,0.5)), « = —0.3855 (obtained by minimizing
Ii(x)) and o« = —2/5 (with which (3.4) becomes the [2/2] Padé approximation to the
fourth-order Taylor expansion of ghtanhkh/kh). For « = —0.3808 and o« = —0.3855,
the relative errors of the phase and group velocities remain small over the entire
interval h/2y € [0,0.5]. However, the relative errors of the corresponding shoaling
amplitude increase as depth increases (the shoaling effect imbedded in the modified
Boussinesq equations is overestimated). When h/1, > 0.35, the relative errors of
the shoaling amplitude are in excess of 10% (see the solid line and dashed line in
figure 1c). We could have improved the shoaling property by choosing a different «
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FiGure 1. Comparison between (a) the phase velocity, (b) group velocity and (c) shoaling amplitude
given by the linearized modified Boussinesq equations and those given by linear Stokes theory for
different o values: , a=—0.3808;--- a«a=-0.3855;---:, a=-2/5.

value. But such an improvement is at a cost of increasing the errors of the phase and
group velocities. If the shoaling effect is really important, the modified Boussinesq
equations may not be extended to deep water (h/2, = 0.5), but they can be extended
to at least as deep as h/ly &~ 0.35, the upper limit within which the relative errors of
shoaling amplitude are less than 10%.

The value o« = —0.3808, obtained by minimizing the sum of the relatives errors of the
phase velocity, group velocity and shoaling amplitude over the range h/4y € [0,0.5],
gives the best overall improvement of the dispersion and shoaling properties. However,
we would rather select o« = —0.3855 as the optimal value than « = —0.3808. The
reasons are as follows. Firstly, comparing the solid lines (« = —0.3808) and dashed
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lines (x = —0.3855) in figure 1, one can see that although the shoaling property
is improved when o = —0.3808 is used, such an improvement is not dramatic and
is accompanied by the degeneration of the dispersion properties. Secondly, if we
minimize I, over the range h/4y € [0,0.35], we obtain o« = —0.3858, which is very
close to o« = —0.3855. Thirdly, if the shoaling effect is not important, we only need to
minimize I; and obtain « = —0.3855, which gives the best overall dispersion properties
over the range h/% € [0,0.5].

Madsen & Serensen (1992) chose their weighting factor B = —(a+1/3) = 1/15 (i.e.
o = —2/5) from the Padé approximation. Using this value, they found the shoaling
gradient of their new Boussinesq equations agrees very well with that given by the
linear theory. However, the error of the group velocity corresponding to this value
may be too large (see the dotted line in figure 1b) for their Boussinesq equations to
accurately describe the wave propagation stating from deep water.

In the above discussion the nonlinearity has been ignored. Because of shoaling, the
wave amplitude and hence the nonlinearity, decrease as the depth (or p?) increases.
Therefore, as long as the wave amplitude in the relatively deep water is so small that
the Boussinesq approximation, ie. O(¢) = O(p?) < 1, is still valid when the wave
reaches the shallow-water region, the modified Boussinesq equations can be used to
model wave propagation from relative deep water to shallow water (Nwogu 19934, b).

We remark that although the modified Boussinesq equations are derived under the
Boussinesq assumption, since the goal of deriving these equations is to extend their
applicability into relatively deep water, we treat u?> as O(1) from now on.

4. Parabolic models

The highest order of the spatial derivatives in the modified Boussinesq equations
(2.13) and (2.14) is four. This makes the equations difficult to solve in the time
domain. In this section we shall apply the parabolic approximation to the modified
Boussinesq equations in the frequency domain and develop a small-angle model and
an angular-spectrum model.

Considering regular waves, we can expand @, and { as finite Fourier series in time:

1 & .
Pu(X, y,1) = 5 > alx,y)e™ +cc, (4.1)
1 & .
ny,t) =5 D lalx, y)e™™ + e, (4.2)
n=0

where c.c. stands for the complex conjugate.
Substituting (4.1) and (4.2) into (2.13) and (2.14), we obtain

s=1

- iu2v Pn = 05 (43)

lann - V (hv¢n —V {Z Csvgbn —S + Z Csv¢n+s + Cn+sv¢ ]}

{n = inwd, + inwp’ f — — [ZV@ V. s+22v¢s v¢,,+s}, (4.4)
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where
2
Fulx,y) = 2,V - (V) + %Vchn = ah*V2, + 2,V - Vb, (4.5)
h? W
pu%y) = Vfu+ =V [V (V)] — =YV’ (4.6)

In (4.3) and (4.4) the overbar is used to indicate the corresponding complex conjugate.
The zeroth harmonic ¢y has been ignored since it corresponds to a slowly varying
steady state, ie. O(V¢o) = O(e), which does not have any contribution to other
harmonics up to O(e).

To develop parabolic models, we first combine equations (4.3) and (4.4) into one
equation in terms of velocity potential only. Substituting (4.4) into (4.3) and neglecting
O(€?) terms, we obtain

n—1
V- (hVo,) + n2w2(¢n + :uzfn) + #ZV “Pn T —an)Z |:Z Vo - Vs
s=1

N—n

+2) Vé Vo

s=1
N—n

- [s((is + :uzfs)V(er—s - (n + s)(¢n+s + :uzfrH-s)V‘is] } s (47)

s=1

n—1
- iwgv ’ {Z s(¢s + #zfs)v¢n—s

s=1

where n = 1,..., N. For the nth harmonic, the linear dispersion relation of (4.7) is

no? hl — (0 + 1/3)(knh)?
k2 1 —ap?(k,h)?

When n = 1, the dimensional form of (4.8) is exactly the same as (3.4). Therefore,
the improved dispersive characteristics of the modified Boussinesq equations with the
optimal value of o are preserved. Alternatively, one may try to eliminate ¢, from (4.3)
and (4.4) to obtain a combined equation for {,. However, this cannot be done without
introducing successive approximations in which y? is assumed to be small. When the
successive approximations are used, the improved dispersive properties of the new
equations may be destroyed. This indeed happens when we eliminate the velocity
potential from (4.3) and (4.4) and obtain an equation for the free surface displacement:
the corresponding linear dispersion relation is given by (4.8) with & = 0, which is
worse than the linear dispersion relation of the conventional Boussinesq equations
(o = —1/3) (Wu 1979). In Nwogu’s (1993a) paper, the alternative form of the modified
Boussinesq equations is expressed in terms of the horizontal velocity components and
the free surface displacement. Further approximations are necessary in order to
combine the equations into one equation. If successive approximations are used to
eliminate the velocity components in Nwogu’s equations and obtain an equation for
the free surface displacement, the resulting linear dispersion relation also corresponds
to (4.8) with a = 0. This is one of the primary reasons for using the velocity potential
in this paper. The parabolic approximation can then be applied to the resulting
equation for the velocity potential.

Assuming that the topography varies slowly, ie. h = h(ex,ey), we can further
simplify (4.7) by ignoring O(e?) terms:

(o + 1/3)12 K3 V4, + B Vs + 20 Py = —Co 1P W*Vh - V2,

(4.8)
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n—1
— 1, Vh Ve, — ico% Y [2 Vo, - Voo + u2HVV2D, - Vo,
s=1

N—n
+ (9 + VIV prs] — i3 3 [1(2VG: Vs

s=1

+ a#2h2V2¢n+sV2¢;s) - S((i)svz¢n+s + a.uzhzvvzd—)s ’ V¢n+s)

+ (n+ N Pns V2 s + PPV i - VP)] (n=1,...,N), (4.9)
where
Ba(x,y) = h + o’’’ i, (4.10)
(%, ) = 1 + zyp*n’w?, 4.11)
C, =1+ 5a+ (14202, (4.12)

In (4.9), the first term on the left-hand side and the first term on the right-hand side
come from u?V - p, in (4.7).

Equation (4.9) is a set of weakly nonlinear coupled fourth-order elliptic equations
with variable coefficients. The leading-order terms in (4.9), ie. all terms on the
left-hand side, describe the propagation of linear dispersive waves over a constant
depth. The frequency dispersion is represented by the fourth-order derivative terms
on the left-hand side of (4.9) as well as the second term in the coefficient B, (see
(4.10)) multiplied by V2¢,. The first two terms on the right-hand side of (4.9) denote
the effects related to the slope of the bathymetry, such as refraction and shoaling,
whereas the rest of terms on the right-hand side are contributed by nonlinearity.
For the one-dimensional case, (4.9) can be reduced to a set of fourth-order ordinary
differential equations, which are similar to those obtained by Madsen & Serensen
(1993). We remark that the fourth-order derivative terms in (4.9) vanish when
o = —1/3, corresponding to the conventional Boussinesq equations. Once we solve
(4.9) for ¢,(x,y) (n = 1,...,N), the free surface displacement {,(x,y) (n = 0,...,N)
can be computed immediately from (4.4). In the following subsections, we shall
develop two parabolic models to approximate (4.9), namely, the small-angle model
and the angular-spectrum model.

4.1. Small-angle parabolic model

For waves propagating primarily in the +x-direction, we assume that the variation
of the wave field in the y-direction is small, i.e.

PP\ _ o _
0o (W) = O(e??), p=1234. (4.13)
Moving terms containing y-derivatives to the right-hand side of (4.9), we obtain
RSV VLA o s LS (4.14)
where
52¢> ¢ &'
H i n_ 213 n n ]
= RHS — B, — (a+ 1/3)u’h ( I 26y2+ 6y4) 4.15)

and RHS represents all terms on the right-hand side of (4.9).
Consider a special case — linear waves propagate in the x-direction over a constant
depth. In this case, ., = 0 and the general solution to (4.14) can be expressed as
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a linear combination of exp(tik,x) and exp(%kéx). In other words, the whole wave
field consists of a propagating wave field and a non-propagating wave field. This is
also true for general cases.

To develop a small-angle parabolic model, we first separate the propagating wave
field from the non-propagating wave field. Noting that 7, is O(e), we treat (4.14) as
a fourth-order (with respect to x) non-homogeneous ‘ordinary’ differential equation
with 7, being the forcing term and rewrite (4.14) as two second-order (with respect to
x) differential equations governing the propagating and non-propagating wave fields,
respectively:

bn =y + &7, (4.16)
azd)r‘r 2 4w
e —k; ¢y — Ty, 4.17)
62 2 e e
Co = ke + T @.18)
with
_ Ha+1/3)pH? ok, 0¢y ks Oy T
Tn= W, k23x ox F"Tx ox W, (“4.19)
Walx, ) = fu— 200+ 1/3)200KE = —(+ 1/3)20° k2 + (k)P >0, (420)
where +k, and tik: are the real and imaginary roots of the dispersion relation
(a4 1/3)*H’k* — Bok* + n*w? =0, 4.21)
respectively. Thus,
5 fBn— [ﬁf — &+ 1/3)uPn w2h3]
= 4.22
kn(xa y) 2(a + 1/3)“2]'23 2 ( 2 )
. —Bn — [B2 — 4+ 1/3)u*n’w* i3
(k)*(x, y) = [ /" (4.23)

2(o + 1/3)u?h?
Equations (4.16)—(4.18) with I', given by (4.19) are equivalent to (4.14) (note that we
have neglected O(€?) terms in (4.19)).

Since the non-propagating wave field decays exponentially, for wave propagation
problems, it usually can be neglected. If the non-propagating wave field is neglected,
the original fourth-order differential equation (4.14) can be approximated by a second-

order differential equation governing the propagating wave field (from (4.17) and
4.19))

oY Ao+ 1/3)uh’k, Ok, OPY n T hspaces—apn

0x2 W, ox 0x W, ’
We further split the propagating wave field into the forward and backward propa-
gating wave fields and rewrite the second-order differential equation (4.24) as two
first-order differential equations governing the forward and backward wave fields,
respectively:

= k2" + (4.24)

by = b + i, (4.25)

a¢+ = ik, + O, (4.26)
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0w _ . -
Eroa ik, ¢, — O, 4.27)
with
P, Ok, , . _ 17,
@n _Zk"Wn Ox (d’n - ¢n) - Zk,, Wn’ (428)
where
Pu(x,y) = Bn — 6(a + 1/3) 2 3k2. (4.29)
Neglecting the backward wave field as a first approximation, we obtain
opr . . P, +_ 1%
ox ~ Ynn = 2%k, W, ax 4’ 2%, W, (430

Note that for the forward wave field, 02¢; = (ik,)P¢; + O(e) (p = 1,2,3,4) and the
order of magnitude of each term in % is less than or equal to O(¢). Therefore, partial
derivatives d2¢; in , can be replaced by (ik,)P¢;. After the terms whose order of
magnitude is less than O(e) have been neglected, J, becomes (superscript + has been
dropped henceforth)

. oh 0?
,7; = —lkan 6_);(1)" - Wn af (Z 0ns¢s¢n-s + Z ym¢s¢n+s> s (431)
s=1
where
R.(x,y)=1,— a,uzhzk,z,, (4.32)
Ons(X, y) = skp_s [auzhzkf(ks + kp—s) — (2ks + k,,_s)] , (4.33)

?ns(xs Y) = nkskn+s(2 + aﬂzhzksknﬂ) + Skn+s(kn+s + a#2h2k§s)
— (n+ s)kg(ks + oap’h?k] ). (4.34)

Now we investigate how accurately the first-order equation (4.30) approximates the
original fourth-order equation (4.14) for the forward wave field. When 7, = 0, the
general solution to (4.30) is

/. P, Ok,
¢n = C,exp |:/(; <1kn - 2%, W, ax> dx:| s (4.35)

where C, is a constant of integration. By direct substitution, one can observe that
solution (4.35) is also a solution to (4.14) (up to O(e)). When 9, # 0, we only
need to check the particular solutions. For simplicity, we consider the constant-depth
situation. Two types of forcing are examined: resonant and non-resonant forcing.

(a) For k. = kn, 7, = Au(y)exp(ik.X) represents resonant forcing (the forcing
amplitude is allowed to vary in the y-direction). The particular solutions to (4.14)
and (4.30) are given by

Apx exp(ik,x)
n = o , 4.36
P 2ik, [Bn — 2(c + 1/3)213k2] (4.36)
and
_ Anxexp (ikyx)
¢np - 21kn Wn s (4.37)

respectively. According to the definition of W, (see (4.20)), (4.37) is exactly the same
as (4.36).
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(b) For k. #* kn, F, = A(y)exp (ik,x) represents non-resonant forcing. The
particular solutions to (4.14) and (4.30) become

. Anexp (ikneX)
" T (ot 1/3)2hkE, — BkE, + niw?
_ An EXP (1 X) : (439)
(004 1/3)2h3 (knx — kn)(knx + k) [K2, + (k5)?]
and
A, exp (k. x A, exp (k. x
oy = plikneXx) p (iknxX) (439)

2k Walks —kux) (2 + 1/3) 2R3 (K — kn)2K, [k2 + (k2]

respectively. Thus, the difference between solutions (4.38) and (4.39) is

Ay exp(ik,,x) 1 _ 1
(e + 1/3)2M3 (kpx — ki) | 2k, [kﬁ + (k,‘;)z] (knx + kn) [k,%x + (k,e,)z] ’

Note that the expression in the bracket is proportional to (k.. — k,). Therefore, the
accuracy of the approximation depends on the difference between the x-component
wavenumber of the forcing term k,, and the characteristic wavenumber k,. For
resonant and near-resonant forcing, (4.30) approximates (4.14) very well. On the other
hand, when the forcing wavenumber (more precisely, the x-component wavenumber)
is far away from k,, (4.30) is no longer a good approximation to (4.14). However, if
we replace the denominator of the coefficient of the forcing term in (4.30), 2k, W,, by
—(o+ 1/3)p2h3 (ko + ko) [K2, + (k2)*] (according to (4.20), these two expressions equal
each other as k,, — k,), the solution given by (4.30) is also a solution to (4.14) for any
k.. (regardless of whether k,, is equal to k, or not) in the constant-depth situation
(for slowly varying depth, (4.30) will become a good approximation to (4.14)). The
requirement for this replacement is that the x-component wavenumber of the forcing
should be correctly estimated beforehand.

From (4.31), the forcing term 4, actually consists of linear terms and nonlinear
terms. The x-component wavenumber of each term in (4.31) can be correctly es-
timated for waves propagating primarily in the +x-direction. In this situation, the
x-component wavenumbers of the linear terms in (4.31) are close to k,, whereas the
x-component wavenumbers of the nonlinear terms ¢, and ¢y¢,.s in (4.31) are
close to (k,—s + ks) and (kn+s — k), respectively. Thus, there is no need to correct the
coefficient of the linear terms since k,, =~ k,, i.e. the denominator 2k,W, in the last
term in (4.30) remains the same for the first two linear terms in (4.31). However,
since the differences between k, and k., for the nonlinear terms ¢s¢,_s and @s¢,4s in
(431) (ie. kuyy — kn = kys + ks — kn, and kpx — k, =~ kpys — kg — k,,, respectively) may
become large in intermediate depths and deep water, the denominator 2k, W, should
be replaced by

(@ 1/3) (g g i) [(hns + K+ (K]
and

-—(EZ + 1/3)#2h3(kn+s - ks + kn) [(kn+s - ks)2 + (ki)z] 2

respectively. In so doing, we finally obtain the small-angle parabolic model for the
forward wave field ¢,, which consists of a set of weakly nonlinear coupled parabolic
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equations with variable coefficients:

by . i 26, 1 ok, oh
ox lkn¢n + _27’! ay?_ - 2%k, W, (Pna +kana> ¢n

we ol 6'ns(]bsqbn—s
T+ 1738 {Z (kns + ks + kn) [(Rn—s + ks)? + (k2)?]

s=1

+ Ni s (4.40)
s=1 (kn+s - ks + kn) [(kn+s - ks)2 + (kreu)z] ’

where n =1,...,N.

In the case of constant depth, on substitution of the plane wave solution: ¢, =
expli(knxXx + kyyy)], where k,, and k,, are the wavenumber components in the x- and
y-direction respectively, the corresponding linearized equations of (4.9) and (4.40)
give ki, + ky, = k2 and kn/k, = 1 — 3k2,/kZ, respectively. The angular limit of
our small-angle model (4.40) turns out to be the same as that of the small-angle
model to the mild-slope equation derived by Radder (1979) (the contribution from
the variation of the topography and the nonlinearity are neglected), because both
small-angle models use the same parabola k,,/k, = 1 — %k,z,y /k? to approximate the
circle k2, + k2, = k? in the (ky,k,)-plane. In practice, the bandwidth in the angular
spectrum for the small-angle model should be |6 = arctan(k, /k,)| < 30° (Chen & Liu
1994).

We can factor out the fast variable component in ¢, by introducing
¢n = Pnexplik, x) (4.41)
into (4.40) and obtain

: 2
T ==k + - — e (RS kR

0x 2k, 0y 2kaW, 0x ox
n—1 N—n
ST 1R (; s ¥s ¥y + ; ts ¥ Wn+s> : (4.42)
where '
7l = (kn-sﬁs:sxi Ecl(])([(:’_(; ;;f ](kﬁ)z] ’ -
) = P [y K — k] wan

(kn+s - ks + kn) [(kn+s - ks)2 + (kﬁ)z] ’
and k,(n=1,...,N) are a set of constant reference wavenumbers.

After solving (4.42) for ¥.(x,y) (n = 1,...,N), we can obtain the free surface
displacement {,(x, y) by substituting (4.41) into (4.4).

4.2. Angular-spectrum parabolic model

To develop an angular-spectrum model to approximate (4.9) for multi-directional
wave propagation, we first decompose the wave field into a series of wave modes
including the entire discrete angular spectrum by the pseudospectral Fourier method
(Chen & Liu 1994). Then, we apply the parabolic approximation to the governing
equations for each wave mode. To decompose the wave field, we need to introduce a
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reference depth D(x), which varies only in the x-direction, and rewrite (4.9) as
(@ + 1/3)2D*V4¢, + B, V2§, + ntwlte, = —U, — iwgV,,, (4.45)

where
B.(x) = D + ap’n*w’D?, (4.46)

Un(%,y) = (Bn — Ba)V? + (o + 1/3)2(H* — D>)V*9,
+ Cy2h*Vh - VV2$, +1,Vh -V, (4.47)

n—1

Vaxy) =3 s [2 Vs - Vs + 0 2H2VV2P, - Vb,

s=1

+ (¢s + (P V2§V, ]

N—n
+ D [12V4s - Voss + au?H V2, V)
s=1
~ S(BV bnss + PP VVA P, - Vb
+ (n + 5)(¢n+svza)s + a'u2h2vv2¢n+s ) V& )] ‘ (4 48)
We assume that the wave field in the alongshore direction (y-direction) is periodic

with a perlod L. After a linear transformation mapping the interval y € [0,L] to
7 € [0,2x] is taken, (4.45) becomes

¢ Voal0) 64¢
2n3 n n n
(¢ +1/3)u°D [6 7 +2A0a 257 +A0 6y
azd)n azd)n 2 2 €
+ B, [62 +A°ay }%— o' ¢, =-U, — 2V,,, (4.49)
where
Ay = (2n/L). (4.50)

Now we use trigonometric polynomials to interpolate ¢,(x, ) in the j-direction at
the following set of collocation points (Gottlieb, Hussaini & Orszag 1984):

J,=nj/M,  j=0,...,2M—1, (4.51)
2M—1 ‘
$u(x,9) = > Blx)gi(P), (4.52)
j=0

where

LX) = du(x, 7)), (D) = 1Slrl[M(y gl cotl(¥ — ¥,)/2]). (4.53)

The interpolants g;(7)(j =0,...,2M — 1) are trigonometric polynomials of degree M
and at each collocation point ¥, g;(7,,) = d;». The pth-order (p = 1,2, 3,4) derivative
of ¢u(x, 7) with respect to j, evaluated at the collocation j = j,, is given by

2M—1

Z [D],,; (), (4.54)

P Pn(X, Fm) (x Fm) Z Bi(x d gj(ym)
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where
d7g;(Jm)
[Dy,,; = a5 (4.55)
is a 2M x 2M matrix. Specifically,
1 .
s(=1)" cot [(§,, — §;)/2 j#FEm
(D1l = {0’ [ LR ilm (4.56)
and
1 Mt a2 [( 5 5 ;
=Dt (5, —5))/2),  j#m
=<2 m

When p > 2, the pth-order spectral differentiation matrix D, can be written as a
power of D, if p is even and as a power of D; (or D, times a power of D,) if p is odd.
From (4.56) and (4.57), D, is a real antisymmetric matrix and D, is a real sym-
metric matrix. Hence, D,, is also a real symmetric matrix, whereas D,,;; is a real
antisymmetric matrix for p > 1.
Substituting (4.52) into (4.49), evaluating the resulting equation at each collocation
point j = j,, (m=0,...,2M — 1) and noting (4.54), we obtain

m 2M—1 ) 2M-1
(a + 1/3)’D? {d o + 24, Z [Dz]m]d o + A} Z [Dslmjdr, }

j=0

d2¢>"‘ 2M—1 B
+ By {53t Z [Da),; ¢} ¢ + W@l = —Uy —iozVr,  (458)

where the superscript m denotes that the corresponding variable is evaluated at
J = ¥, The dimensional forms of U} and V}* are given in the Appendix. For a
fixed n, equation (4.58) is a set of coupled ordinary differential equations for ¢J'(x)
(m=20,...,2M — 1). The main coupling is provided by the spectral differentiation
matrices D, and D, = D,D,. Because D, is symmetric, (4.58) (for a fixed n) can be
almost decoupled (in the sense that the leading-order terms are decoupled but O(e)
terms are still coupled together) by decomposing the wave field into a series of wave
modes, i.e. by introducing the transformation

2M—1

=3 Qpni(x), m=0,...,.2M 1, (4.59)

where Q is a real orthogonal matrix such that

-—L%
. 1 —t
Q’D,Q= — , : (4.60)
Ay .
—Bpr1

The eigenvalues of D,: —t?/A4y (I = 0,...,2M — 1) and the transformation matrix Q
can be given analytically (Chen & Liu 1994).

Substituting (4.59) into (4.58), multiplying the resulting equation by Q,, and sum-
ming m from 0 to (2M — 1), we obtain

dnl . d% [dm,
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2M—1

+ o ==Y O [U;" +iwfV,:"] , 1=0,...2M—1,  (461)
m=0 2
in which the orthogonality of Q and
t
1 ti

Q’p,Q =Q"D,QQ"D,Q = (4.62)

12
Ay
4
boam—y

from (4.60) have been used.

To apply the parabolic approximation to (4.61), we need to impose another as-
sumption on the topography: (h — D) ~ O(¢), ie. the deviation of the actual depth
from the reference depth is of the same order of magnitude as the typical wave
amplitude; then all the terms on the right-hand side of (4.61) have the same order
of magnitude of O(e) (see (4.47) and (4.48)). Under this assumption, for a fixed n,
(4.61) is a set of almost decoupled fourth-order ordinary differential equations for
nt (I =0,...,2M — 1) which is similar to (4.14). Therefore, the same procedure
used to derive the small-angle parabolic model can be applied to obtain a parabolic
approximation to (4.61).

First, we separate propagating wave modes ({1.)*) from non-propagating wave
modes ({n')°):

e = ()" + (1) (4.63)

d2 Lw N
f{;z} = — [K: ~ ] n)” = 2, (4.64)

d2 Zle .
éZz> = [(K; + 1] () + 2, (4.65)

with
i _ Ax 173D} Td(Ke)? dind) K2 dmy)”
" F, dx  dx dx dx
1 2M—1 6

+ T MZ_O Omi (U,, +1w§V,, ), (4.66)

where K,(x) and K¢(x) are given by
_ B,— [B2—4(a+ 1/3)2n2?D?]?

2
K= 2(a+1/3)u2D3 ’ (4.67)
—B, — [B2 — 4(x + 1/3)2n2w?D?]
Ky = (B — 4o+ 1/ D] (4.68)

2(x + 1/3)u2D3 ’
and

Fu(x) = By — 2(a + 1/3)’ D’°K} = —(a + 1/3)1*D* [K} + (K})*] > 0. (4.69)
Then, we neglect all non-propagating wave modes and approximate (4.61) by

a2(n;)" 2 1w, e+ 1/3)2D? dK2 d(nl)”
dx2 [K” - tl] )™ + F, dx dx
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2M—1

_ = Z Ou (U'" + iw%V,{") : (4.70)

We further split the propagating wave modes into forward and backward propagating
wave modes:

) =yt + (), (4.71)
dyh)t .
<:1’;> =i(K? — )" + &, (4.72)
- )
<gx> — -—1(1(’2l — t%)1/2<r]i> i yi, (473)
with
E dK?
I _ nl +
Sn = 4(K? — B)F, dx ((’I;;) — ()" )
; M1
TR KI - ) ; O (Un iew 2V" ) (4.74)
where
Eu(x) = B, — 2(a + 1/3)12D3(3K 2 — 212). (4.75)

In the present study we assume that the backward propagating wave field is
negligible. The governing equation (4.72) for the forward propagating wave modes
then becomes (superscript + has been dropped henceforth):

En qu I

dn, -2 1
2 = |i(K2—tH? -
i 1) 4F,(K2 — 7)) dx

dx

2M—1

S TAT e Zsz( +iosVr).  (476)

In the expression for (U, +iweV,/2) (see (4.47) and (4.48)), the order of magnitude
of all known coefficients is O(e). Therefore, d?¢]'/dx? (p = 1,2,3) in the expression
for (U] +iweV,"/2) can be approximated as

2M—1 2M—1

d m
o -3 0y T > K= @)

Now all terms on the rlght-hand side of (4.76) can be expressed in terms of 7l (g =
0,....2M — 1;n = 1,...,N) and do not involve the derivatives of . Because the
terms on the right-hand side of (4.61) are very complicated, we do not pursue a
similar justification to that for the small-angle model.

Note that for the nth harmonic, the propagation direction of each forward wave
mode #}, is arctan [¢;/(K? — t})"/?] measured from the +x-direction. Equation (4.76)
with (4.59) is called the ‘angular-spectrum parabolic model’, because for each har-
monic, the wave field at each collocation point consists of contributions from 2M
forward wave modes whose propagation directions cover the range from —90° to
90°, i.e. the upper half of the angular spectrum. By solving (4.76) numerically for
nix) 1 =0,....,2M — 1;n = 1,...,N) (e.g. Runge Kutta method), we can find the
velocity potential for each harmonic ¢,(x,y) (n = 1,...,N) from (4.59) and the
corresponding free surface elevation {,(x,y) (n =0,..., N) from (4.4).
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5. Numerical examples

Several numerical examples are given in this section to demonstrate the applicability
of the modified Boussinesq equations as well as the parabolic approximation models.
For all numerical examples, the optimal value of o« = —0.3855 is used.

5.1. Small-angle parabolic model

Whalin (1971) conducted a series of laboratory experiments concerning wave focusing
over a slowly varying topography. The wave tank was 25.603 m long and 6.096 m
wide. In the middle portion of the wave tank (7.622 m < x < 15.242 m), eleven
semicircular steps were evenly spaced and led to the shallower portion of the channel.
The equation approximating the topography is given as follows (Whalin 1971):

0.4572, 0<x<1067—G,
h(x,y) = { 04572+ L(10.67—G—x), 10.67—G < x <1829 ~G, (5.1)
0.1524, 1829 — G < x < 250,
where
G(y) = [y(6.096 — y)]'/2 (0 < y < 6.096). (5.2)

In both (5.1) and (5.2), all variables are measured in metres. The bottom topography
was symmetric with respect to the centreline of the wave tank y = 3.048 m. A
wavemaker was installed at the deeper portion of the channel where the water depth
was 0.4572 m. Three sets of experiments were conducted for periods T = 1.0, 2.0 and
3.0 s, respectively. Different wave amplitudes were generated for each wave period.

Several mathematical models have been developed and applied to simulate Whalin’s
experiments. Using the second-order Stokes theory, Liu & Tsay (1984) derived a model
equation, which is a nonlinear Schrodinger equation with variable coefficients. They
produced numerical results for wave periods of 1 and 2 s. Because the second-
order Stokes wave theory was used, their model is unable to obtain more than two
harmonics and is not valid for long waves, e.g. the T = 3.0 s cases. Liu et al.
(1985) discussed two models for nonlinear refraction-diffraction of waves in shallow
water: the conventional Boussinesq equations and the Kadomtsev—Petviashvili (KP)
equation. They presented numerical results for the wave period of 3 s. These
two models are restricted to shallow water and can not be extended to deal with
intermediate depth cases, e.g. the T = 1.0 and 2.0 s cases in Whalin’s experiments.
Rygg (1988) solved the conventional Boussinesq equations directly with a line by
line iterative method and compared his numerical results with Whalin’s experimental
data for the cases of T = 2.0 and 3.0 s. Solving Boussinesq-type equations in the
time domain, Madsen & Serensen (1992) and Nwogu (1993b) claimed that the new
form of the Boussinesq equations they derived is capable of simulating all cases in
Whalin’s experiments correctly.

We now apply our small-angle parabolic model to all cases in Whalin’s experiments:
T = 1.0,2.0 and 3.0 s, which in the deeper portion of the channel correspond to
relative depth h/4o = 0.2931, 0.0733 and 0.0326, respectively. The pseudospectral
Chebyshev method is employed to solve the small-angle model (Chen 1995). Because
of the symmetry of the problem with respect to the centreline of the wave tank, the
computational domain only consists of one half of the wave tank. No-flux boundary
conditions are used along the right-hand sidewall and the centreline of the wave tank.
The computational domain in the x-direction starts from the wavemaker x = 0 and
ends at x = 25 m. Wavenumbers of each harmonic at x = 0 are used as reference
wavenumbers k;,.
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FiGURE 2. Wave amplitude along the centreline of the wave tank for T = 1.0 s and a; = 1.95 cm.
, Small-angle model; — - —, results given by Nwogu (1993b); - ---, results given by Madsen &
Serensen (1992); - - -, results given by Liu & Tsay (1984); oo o, experimental data (Whalin 1971).

For the T = 2.0 and 3.0 s cases, the linear monochromatic boundary conditions are
used as initial conditions at x = 0. Numerical results are practically identical to those
given by Madsen & Serensen (1992) and Rygg (1988) and agree with the experimental
data quite well. Comparisons between numerical results and experimental data are
not presented here. For the period T = 1.0 s and amplitude gy = 1.95 cm case,
which the conventional Boussinesq equations are unable to predict correctly, the
comparison between the present model results and the experimental data (Whalin
1971) is shown in figure 2. Only two harmonics are considered and seven collocation
points in the y-direction are used. The marching step in x-direction is 0.1 cm. In this
case, because the phase mismatch between the free and bound second harmonic is not
small, the second-order boundary condition is used as the initial condition to remove
the spurious spatial variation of the incident wave amplitude (Madsen & Serensen
1993), i.e. to get rid of the parasitic free second harmonic in the incident wave. From
figure 2, one can see that in spite of the scattering in the experimental data, the model
results agree with the experimental data reasonably well, especially in the focal zone.
The oscillation in the second harmonic (first observed by Madsen & Serensen 1992)
indicates that the free second harmonic is released on the top of the shelf (where the
relative depth based on the free second harmonic is 0.3908) due to the abrupt change
of the topography. The free and bound second harmonic propagate not only with
different speeds but also in different directions (Madsen & Serensen 1992).

For comparison, the results given by Liu & Tsay (1984), Madsen & Serensen
(1992) and Nwogu (1993b) are also plotted in figure 2. In the focal zone, Nwogu’s
results slightly overestimate the first harmonic, whereas Madsen & Serensen’s results
slightly underestimate the second harmonic. The oscillation phenomenon, which is
predicted by our small-angle model and Madsen & Serensen’s extended Boussinesq
equations, however, was not shown in Nwogu’s results (it is understandable that
Liu & Tsay’s numerical results did not show this phenomenon, because the second-
order Stokes theory they used excludes the free second harmonic). According to
the Stokes second-order theory, our modified Boussinesq equations and the extended
Boussinesq equations given by Madsen & Serensen, the amplitudes of the bound
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second harmonic in the incident wave are 0.0950, 0.0833, 0.0276 cm, respectively (Chen
1995). The second-order amplitude of the incident wave is slightly underestimated
in the modified Boussinesq equations, whereas it is much more underestimated in
Madsen & Serensen’s new set of equations. This is why the incident wave can
be treated as a linear wave in their model (they used the linear monochromatic
boundary condition at the incident boundary) and the amplitude of the second
harmonic they obtained is underestimated in the focal zone. Nwogu (1993b) also
used the first-order boundary condition at the incident boundary. We remark that
if the first-order boundary condition at the incident boundary is used, the spurious
free second harmonic having the same amplitude as the bound second harmonic,
which cannot be neglected in this case, will be released in the constant-depth region
(h = 04752 m). In this region, the modified Boussinesq equations are unable to
describe the free second harmonic accurately because the relative depth based on the
free second harmonic (h/Ay = 1.1725) is far away from the range of the applicability
of the equations, which is h/Ay € [0,0.5]. Therefore, the second-order boundary
condition should be used to get the correct results in this case.

Similar results are obtained for the T =1.0 s and ay = 0.75 cm case, which are not
repeated here.

5.2. Angular-spectrum parabolic model

For normal incident waves propagating over a one-dimensional bottom h = h(x), the
results given by the angular-spectrum model are identical to those given by the small-
angle model without modifying the coefficients of the nonlinear terms, i.e. (4.30) with
(4.31). Thus, the angular-spectrum can be applied only to cases with a nearly triad
resonance (k, = knys T k), e.g. in shallow water. We now apply the angular-spectrum
model to study the refraction of a cnoidal wavetrain and the oblique interactions of
two identical cnoidal wavetrains in shallow water.

To construct a cnoidal wavetrain, an infinite number of harmonics should be used.
In actual numerical integration, we can, however, only include a finite number of
harmonics. Yoon & Liu (1989) demonstrated that if the first several harmonics of
the cnoidal wave solution to the KdV equation are retained as the input to their
parabolic model, the resulting cnoidal wavetrain does not have a uniform amplitude.
An alternative approach, which we shall adopt, is to find initial conditions for the
numerical integration that lead to permanent cnoidal wave forms in the constant-
depth region (Kirby 1991).

We expand the velocity potential @, and the free surface displacement { in finite
Fourier series

N N
D, (x,t) = Z @ sin[n(kx — wt)], {(x,t) = Z a, cos[nlkx — wt)], (5.3)

n=1 n=1

which represent a uniform cnoidal wave propagating in the +x-direction with ¢,, a,
and k to be determined. A set of nonlinear algebraic equations for ¢,, a, and k can
be derived from the small-angle parabolic model without modifying the coeflicients
of the nonlinear terms, the expression for the free surface displacement, (4.4), and the
relation between the wave height of a uniform cnoidal wave and the amplitude of
each harmonic (Chen 1995). The Newton—Raphson method is used to obtain ¢,, a,
and k for given wave period T, wave height H and water depth A.

The initial conditions of a uniform cnoidal wave with an angle of incidence 6, for
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FiGURE 3. Refraction of a cnoidal wave over a mild-slope plain beach. , Cnoidal wave
refraction theory (Skovgaard & Petersen 1977); - - -, angular-spectrum model.

the angular-spectrum model are given by

2M—1

¢n(0,y) = —iguexp(inkysinfo),  n,(0) = Y Qmy(0)- (54)

m=0
When 6, # 0, the periodicity condition in the y-direction requires

27
k sin 8, P>

(5.5)

where p(s 0) is an arbitrary integer.

We remark that although ¢, (n = 1,...,N) and k in (5.4) are determined based
on the small-angle model, numerical tests show that when (5.4) is used as the initial
input, the angular-spectrum model maintains the uniformity of the cnoidal wave as
it propagates towards the shoreline.

Skovgaard & Petersen (1977) presented a theoretical solution of the refraction of
cnoidal waves over a gently sloping bathymetry whose contour lines are straight and
parallel to the shoreline. With the basic assumption that the energy flux is a constant
between adjacent wave orthogonals, they derived two nonlinear algebraic equations
for the wave height and the elliptic parameter.

To compare our angular-spectrum model with the cnoidal wave refraction theory,
we have chosen the top row in table 1 in Skovgaard & Petersen’s (1977) paper as the
incident wave parameters:

ho/do = 0045,  Ho/hy = 00826, 0o = 25.9°, (5.6)

where Hy and hy are the wave height and water depth at x = 0, respectively, and

Ao = gT?/2n is the deep-water wavelength. For incident cnoidal wave with period

T = 3.0 s, the deep water wavelength is g = 14.04 m and from (5.6) the water depth

and wave height are hy = 0.6317 m and Hy = 0.0522 m, respectively. The topography
is given by

h(x) = D(x) = 0.6317 — 0.03x. (5.7)

N =7 and M = 16 are used and the numerical integration is carried out from

x =0 to x = 17 m with a marching step Ax = 0.1 m. The computational domain in
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FIGURE 4. Dimensionless wave height H/h as a function of dimensionless water depth k/2, for
different angles of incidence: ——, 6y =0°; ----, 6y =30°; - - -, 6y = 45°.

the y-direction is L = 16.35 m (p = 1 in (5.5)). The comparison between numerical
results and theoretical results is shown in figure 3. The agreement is very satisfactory,
especially when the nonlinearity is not too strong. When the beach slope, 0.03 (in
(5.7)), is replaced by a gentler slope, 0.025, numerical results do not change. This
confirms the assumption of the cnoidal wave refraction theory that the wave height
is independent of the slope of the bathymetry (as long as it is very mild).

For the same wave conditions, figure 4 shows the dimensionless wave height H/h
as a function of the dimensionless water depth h/4g for different angles of incidence:
0y = 0°, 8y = 30° and 6, = 45°. The wave height decreases as the angle of incidence
increases.

Comparing the genus 2 solution to the KP equation with the solution based on
the linear superposition of two cnoidal waves, Hammack, Scheffner & Segur (1989)
showed the importance of nonlinear interactions between two identical cnoidal waves
propagating over a constant depth with directed wave angles +6;,. The KP equation
can only correctly describe weakly nonlinear and dispersive wave propagation over a
constant depth with weak transversal modulation. Although the KP equation can be
extended to deal with cases with a slowly varying topography (Chen & Liu 1995), for
large directed wave angle, e.g. 8y = 30°, all KP-type equations become inadequate for
modelling weakly nonlinear and dispersive wave propagation. In this situation, one
may use the angular-spectrum model instead.

We now apply the angular-spectrum model to study the influence of the directed
wave angle 6, on the oblique interaction of two identical cnoidal waves propagating
over a constant depth and a slope connecting two constant depths. The wave
parameters used in our computations are very close to those of Hammack et al’s
experiment (KP1515 in table 1 in their paper): T = 2.55 s and H = 0.02 m. The
incident wavelength is 4.25 m. Two different directed angles are considered: 8, = 22.5°
and 8y = 45°, which represent small and large directed wave angles respectively.
N =5 M =25 Ax =0.1 m and p = 2 are used in numerical computations. The
domain of computation in the y-direction covers two spatial periods.

Figures 5(a) and 5(b) show the contour plots of the free surface displacement for
the nonlinear interaction and linear superposition of two cnoidal waves propagating
over a constant depth h = 0.3 m with directed angles 6, = +45° and 6, = +22.5°,
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FiGURE 5. Contour plots of {(x,y,t) for linear superposition and nonlinear interaction of two

identical cnoidal waves with directed wave angles (a) 6, = +45°, (b) 6y = $22.5° at time
t=nT(n=0,1,...). ——, Linear superposition; - - - - , nonlinear interaction.
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FIGURE 6. A perspective view of the free surface displacement for (a) linear superposition,

(b) nonlinear interaction of two identical cnoidal wavetrains with directed wave angle 6y = +22.5°
attimet =nT(n=20,1,...).

respectively. The values of contour lines are from —1.5 cm to 2.0 cm with an increment
of 0.5 cm. In figure 5(a), for large directed wave angles, the difference between the
nonlinear solution and the linear-superposition solution is very small. On the other
hand, for small directed wave angles, figure 5(b) shows that the difference is quite
large and the nonlinear numerical solution evolves along the +x-direction. From the
perspective pictures shown in figures 6(a) and 6(b), we observe that for small directed
wave angles the nonlinear interaction increases the length of a crest. This agrees with
the experimental observation (Hammack et al. 1989).

In his study of Mach reflection of a cnoidal wave from a vertical wall, Kirby (1990)
showed that if the angle of incidence is small, a Mach stem evolves along the reflected
wall. In contrast, when the angle of incidence is about 45°, the wave field exhibits
almost a regular reflection pattern. This is consistent with our numerical results.
Therefore, we may draw a conclusion that when the directed angle of two identical
cnoidal waves propagating over a constant depth is large, the nonlinear interaction is
weak and the wave field exhibits a nearly linearly superimposed wave pattern.



376 Y. Chen and P. L.-F. Liu

o0

FiGure 7. Contour plot of the free surface displacement for two cnoidal waves propagating over a
slope with directed wave angles (a) 6y = +45°, (b) 6y = 322.5° at time t =nT(n=0,1,...).

For the same incident wave conditions, figures 7(a) and 7(b) show the contour plots
of the free surface displacement of two identical cnoidal waves with different directed
angles propagating over a slope connecting two constant depths:

0.3, x <0,
hx)={03—0015x, O0<x<12, (5.8)
0.12, x> 12.

The values of contour lines are —1, 0, 1, 2 and 3 cm. Figures 8(a) and 8(b) show the
corresponding three-dimensional plots. From these figures, one can see that as the
depth decreases, the nonlinearity increases and the crests of the surface displacement
become longer, flatter and narrower. This tendency eventually leads to the formation
of a hexagonal wave pattern. These features are also observed in the field (see
figure 3 in Akylas’ 1994 paper) and in the laboratory (Hammack et al. 1989). For
8y = +45°, the hexagonal pattern develops in the shallower constant-depth region
(ie. x > 12 m), whereas for 6, = +22.5°, it develops just before the end of the slope.
The horizontal sides of the hexagons for 8y = +22.5° are much longer than those
for 8, = +45°. The hexagonal wave pattern for 0y = +45° is more stable than that
for 6, = +22.5°. But eventually all these hexagons will deform and disappear in the
shallower constant-depth region as the waves propagate toward the shoreline.

6. Concluding remarks

We have formally derived the modified Boussinesq equations in terms of the
velocity potential, ®,(x, y,t), evaluated on an arbitrary elevation z = z,(x, y), and the
free surface displacement. We have showed that when &, is evaluated at z = —0.522h,
the corresponding modified Boussinesq equations have almost the same dispersive
behaviour as that of the first-order Stokes waves for water depths ranging from
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FiGURE 8. Three-dimensional plot of the free surface displacement for two cnoidal waves propagating
over a slope with directed wave angles (a) 8y = +45°, (b) 8y = £22.5° at time t =nT(n=0,1,...).

h/xy = 0 to 0.5, where Ay represents the wavelength in deep water. The shoaling
property of the equations has also been discussed. It turns out that the shoaling
property imposes an additional restriction on the water depth limit allowable for the
modified Boussinesq equations to be extended.

For regular waves propagating over a slowly varying topography, the governing
equations for the velocity potentials of each harmonic are a set of weakly nonlinear
coupled fourth-order elliptic equations with variable coefficients. The parabolic
approximation has been applied to these fourth-order equations for the first time.
We have found that the accuracy of the parabolic approximation to a fourth-order
‘ordinary’ differential equation with a weak forcing term (which may involve the
other independent variable) depends on the difference between the wavenumber of
the forcing term and the characteristic wavenumber of the equation. Both a small-
angle parabolic model for waves propagating primarily in a dominant direction and
an angular-spectrum parabolic model for multi-directional wave propagation have
been derived and their validity has been tested. These models in principle can be
extended to simulate irregular wave propagation by discretizing the power spectrum
of the incident wave evenly (Freilich & Guza 1984; Madsen & Serensen 1993).
However, for a broad-banded spectrum, the implementation may be difficult and
the parabolic models are not necessarily more efficient than direct simulation of the
modified Boussinesq equations in the time domain. The angular-spectrum model
is restricted to the situation where the deviation of the actual topography from a
reference water depth (which varies in the on-offshore direction) is of the same order
of magnitude as the typical wave amplitude and may not be applied to relatively deep
water.

Although many examples have shown that the modified Boussinesq equations can
be extended to relatively deep water, the velocity field calculated from (2.12) does
not give accurate results. For regular waves, when the velocity field is essential, we
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suggest an empirical formula to calculate the velocity potential @(x, y,z,t) once the
velocity potential @,(x, y,t) is found:

coshk(z + h)
coshk(z, + h)

where k is given by (3.4). For an infinitesimal-amplitude periodic wave propagating
in the x-direction over a constant depth, the maximum relative errors between the
velocity components (u, w) given by above empirical formula and the exact velocity
components (u;, w;) (without considering the nonlinearity) given by the linear theory
over the range h/Ay € [0,0.5] and z/h € [—1,0] are

— — 0
e {lul/l] =1} = 2.93%, (6.2)

d(x,y,z,t) = Dy (x,y,t), (6.1)

— 1} =294%. 6.3

h/aoe[o,gsl]?z)/(he[—l,()] {wl/iwi] =1} ’ 63)

In relatively deep water, the nonlinearity should be very small to ensure the weak

nonlinearity assumption is still valid in the shallow-water region. Therefore, as long

as the bottom variation is small, the empirical formula (6.1) is a plausible way to find
the velocity field in relatively deep water.

This research has been supported by a research grant from New York Sea Grant
Institute and a research grant from the Army Research Office (DAAL 03-92-G-0116).
We thank the reviewers for their comments and suggestions on the earlier version of
this paper.

Appendix

This Appendix gives the dimensional forms of the small-angle model and angular-
spectrum model. All variables shown in this Appendix are dimensional; however,
primes have been dropped for simplicity.

In the dimensional form, the small-angle model, (4.42), becomes

: 2
A L ARSI (P,,% +k,,R,,53ﬁ> v,

2k, 0y2  2k,W, \' " ox ox
n—1 N—n
+ 2(a—+c10/3—)gﬁ (; s PP+ ; s srfm) , (A1)
where
Bu(x,y) = h + an*w?h?/g, (A2)
(X, y) = 1 + z;n'0? /g, (A3)
Wa(x,y) = o — 2Ax+ 1/3)K°KL, (A4)
Ry(x,y) = 1a — C,h°k7, (A5)
Pu(x,y) = fn — 6(a + 1/3)°KS, (A6)

Bu— [B2 — 4(a + 1/3)2w?h?/g] *
2(a+ 1/3)03 ’

krzn(x, y) = (A7)
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Br— (B2 — 4a+ 1/ /g]
20+ 1/3)13 ’
exp [i(k; + ki_y — k)x] sk [och2k2(ks + knes) — (2K + kny)]
(Kn—s + ks + kn) [(kn—s + ks)? + (k2)?]

(A8)

(k) (x, y) = —

Ons(x,y) = ’ (A9)

Yns(X, ¥) = €xp [i(k; s — ks — k;)x] [nksk,,+s(2 + ah?kok,.s)
+ Skn+s(kn+s + ahzk.?) - (n + S)ks(ks + ah2k3+s)]
X { (ks — ks + n) [k — Ks)? + (k2] } (A 10)

The corresponding dimensional expression for the free surface displacement (4.4) is
given by

ad T 8y ) Tk ox
n—1 N—n A1
1[ 3¢s 0ns a¢sa¢n+s} ALD

4 - Ox Ox = Ox Ox

gl = inwe, + inw [ozh2 (62¢n 824)") oh a¢n]

s=

The dimensional form of the angular-spectrum model, (4.76), is

d’7£; a2 2n12 1 Ey dKrZ; I
dx [‘(K"_t’) CMKZ-)F, dx | "
i ] i
+ 2Fn(K3 — tlz)l/z mz=% le |:Un + gVn:' s (A 12)
where
By(x) = D + an*w’D?/g, (A13)
B, — [B2 —4(a + 1/3)2w?h3/g)'?
Kl (x) = <
(%) 2o+ 1/3)13 ’ (A1d)
Fy(x) = B, — 2(a + 1/3)D*K?, (A 15)
En(x) = B, — 2(a + 1/3)D*(3K 2 — 21}), (A 16)
U™ = (ﬁm —B ) d2¢;ln + azd)nm + ((‘X + 1/3) [(hm)3 —D3] d4¢?
" " " dx? oy? dx*

64 m 64 m m m m m
4 0 ﬂ m[%%ﬁ_h_%}

x0T o | T ax ax T ay oy

dnm d3¢m a3¢m ohm a3¢m a3¢m
my2 = n n hia n n
G [dx ( e T 6x8y2) + dy <8x28y + dy? )] » (AL7)

n—1
" dgr gy,  ogrogr.] | .o [(der P
b _;s{z[dx dx - dy 0y alh”) dx3? +5x6y2
doy Oey | T O
x dx + (6x28y + oy3 ) dy

] + [¢;" + o(H™)?
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Per | Per\] [der, 62¢H dgr dgrm,,
(dx2+6y2)}[dx2 + ]}+Z{ [ (dx dx+

a(};;" 6¢r'tn+s my2 d2 m 62¢;n d2 nm+s a2¢n+s
o Ty ) T e T ) T Ty
d3¢—5m 53¢m d¢ a3q‘5m 63¢m a¢
_ my2 s n+s s n+s
S[a(h) <( t 7) dx (6x26y 6y3) Jy )

dx3  0x0y?
d2 m 62 m d3 m 63 m d-m
+ ¢m( n+s + ¢n+s } +(n+s) [a(hm)z (( n+ts + n+S) ¢s

oy? dx3 Ox0y?” dx
53 m+ 63 m+ a¢m d2 m 62¢m
nrs Las . A18
The derivatives appearing in (A 17) and (A 18) are given by
0h 2M—1 a 2M-1 2¢J
T A Z[DI],,,, =4 YD (A1)
a3¢m 2M—-1 d(,b] a4¢m 2M-1 d2¢1
s = TS5 A
axayz AO J—ZO [DZ]m] dx 6)(26 P AO Z DZ m1 dx2 s ( 20)
where
drgrm 2M—1
o ZO (K2 — 22 Qg (A21)
q=
apqs;n 17/2a ¢s(x ym) p/2 =
—a;p— - AO T - A Z [DP]MJ (A 22)
2M—1
¢l =" Qinl. (A23)
=0
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